Abstract-A Lyapunov-based discontinuous friction compensation technique is developed for the position regulation of a hydraulic actuator. The control scheme is capable of asymptotic position regulation with no steadystate error despite friction effects. Although, no knowledge of actuator friction, servovalve dynamics, or hydraulic parameters is required for control action, stability and effectiveness of the control scheme considering hydraulic nonlinearities, servovalve dynamics, and realistic friction model is verified both analytically and experimentally. Due to the discontinuity of the control law and the friction model, the control system is nonsmooth. Therefore, existence, continuation and uniqueness of the Filippov's solution are, first, proven using Filippov's solution theories. The extension of LaSalle's invariance principle to nonsmooth systems is then employed to prove the asymptotic convergence of the system trajectories to the equilibria. Experimental results verify the effectiveness of the proposed controller in counteracting frictional effects and asymptotic convergence of the system to the desired position with no steady state error. '
Introduction
Hydraulic systems have been widely used in many industrial positioning applications such as assembly tasks, heavy-duty manipulators, and material testing equipments. Unlike their electrical counterparts, hydraulic systems exhibit highly nonlinear characteristics [I] . Previous studies on hydraulic systems have demonstrated that nonlinear control schemes can achieve a better performance than the Friction effects on hydraulic systems are of more importance compared to electrical systems. Degrading effects of friction (especially in small motions at low speeds) dominates the behavior of position control systems, making precise position control difficult to achieve. This is due to the fact that hydraulic actuators operate under high supply pressures and tight sealing is required to prevent them from intemal leakage. Figure 1 shows the schematic diagram of the double-ended hydraulic actuation system under study. The equation of motion of the actuator is described by the following second-order equation where x is the piston displacement and F, is the friction force. Parameters m and A are the mass of actuator's moving parts and piston area, respectively. fL=P,-P, is the load pressure. For valves with rectangular matched and symmetric orifice areas, f L changes with time according to the following relation (neglecting leakages) [I 71:
Dynamic Model of the System

Model of Hydraulic System
where 1 is the actuator velocity, w is the orifice area gradient, p is the hydraulic fluid density, P, is the pump pressure, and cd is the orifice coefficient of discharge. xsp is the spool displacement and C = V, /4p is the hydraulic compliance where V, is the total actuator volume and 0 is the effective bulk modulus of the system. The function sigfi(x,) in ( 2 ) is defined as:
The dynamics between the spool displacement, xsp, and the input voltage, U, is modeled as a first-order system [ 181: (4) ksp and T are valve gain and time constant, respectively.
Fig. 1
Schematic of the system configuration. where Fc is the Coulomb friction, Fs is the stiction force (the force needed to start the motion), x, is a threshold velocity where the downward bend in friction appears after the stiction (breakaway) force is surmounted, and d is the viscous friction coefficient. At rest, the static friction ( F, sgn (0)) is opposite to the applied force and can acquire any value in the range of [-F,, F,]. This opposing static friction increases with the increase in the net extemal force until it reaches the breakaway force, F,, where the piston starts to slide and the friction drops due to Stribeck effect. The function sgn(i) is, thus, defined as:
Friction Model
Controller Design
In designing the friction compensation position control scheme, the goal is to have the piston reach the desired position, xd,, with no steady state error. Using the Lyapunov's direct method (detailed in Section S), the following position control law is proposed:
where Kp and K, are positive constant gains Measurements of the ram position, hydraulic line pressures, supply pressure and the knowledge about the direction of the valve spool displacement are the requirements for the implementation of the above control algorithm. Existence of the pressure feedback in the control law is recommended by researchers for damping out the resonance of hydraulic cylinder and achieving a higher bandwidth IS].
In order to constitute the state space model of the system, the vector of error states are defined as e=(e,,e,,e,,e,) ' where Combining equations (1)- (8) 
The above model does not incorporate the dead-zone nonlinearities caused by possible spool valve overlap. Leakage flow across the actuator's piston is also neglected since it inherently has stabilizing effect by providing damping for hydraulic resonant mode [I] . For the above double-rod cylinder, directional nonlinearity is not an issue and the servovalve saturation nonlinearitv can also he 4
Solution Analysis
With reference to (9), the discontinuity surface of the system is one of the following three surfaces: (9) is measurable. Thus, the righthand sides of equations (9) 
4.2
Uniqueness of FiIippov's solution The vector-valued hnction of the right-hand sides of equations (9) is continuous up to the discontinuity surfaces and the discontinuity surfaces are smooth and independent of time t. Therefore, conditions A, B and C of Filippov's solution theoly [I41 are satisfied. Next, the analysis of the uniqueness of Filippov's solution must be carried out for . .. neglected if the valve is never allowed to saturate, each discontinuity surface
The equilibria of the above system are obtained by equating the right-hand side of (9) to zero:
where Fs sgn(0) E [-Fs,Fs] represents the static friction during the steady state and is equal and opposite to the extemal applied force. Thus, the equilibrium point of the system is every eq =(O, O,e,,,O) ' where Therefore, despite 6iction effects, the equilibria of the system shown in (9) are always where the piston position approaches the desired position asymptotically.
Inclusion of the discontinuous fiiction model and the discontinuous nature of the control law in the analysis results in a nonsmooth system. Here, Filippov's solution concept is used to investigate the solution of discontinuous control systems under study.
We first study the uniqueness of Filippov's solution for the discontinuity surface S: , S: divides the solution region into two parts: n+ := {e : e, > 0) and n-:= {e : e2 < 0} . The normal to this surface, denoted by N,: , is:
Defming the vector functions f+ and f as the limiting values of the right-hand sides of the state-space equations (9) in regions R' and 0-, the projections o f f and f along the normal to the discontinuity surface, S:, are:
Thus, according to Theorem 14 of Filippov [13], the uniqueness of the Filippov's solution is guaranteed. The uniqueness analysis for Si can be done in a similar way. 
Stability Analysis
Although Lyapunov's second method was originally developed for smooth nonlinear systems, its extension to nonsmooth systems based on Filippov's solution theory [15,16] has provided the theoretical foundation for proper stability analysis of non-smooth systems. The stability analysis of the system shown in (9) is conducted using the extension method introduced in [ 161 and deriving a smooth regular function for the system under study.
Let Y be the positive regular function introduced for the nonsmooth system given in (9): where & is an arbitrary small positive constant. The derivative of the above function is According to (17), in order to have negative semi-defmite c' , the following condition is imposed on the control gain ratio:
Not that since 0 < E < < I , equation (18) implies that the lower limit on the control gain ratio is C I A ,
Equations (17) and (18) denote that c' is continuous and negative semi-defmite throughout the solution region except for the discontinuity surfaces. On S, ' :
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where c"?* and c'". are the limit values of c' as a solution trajectory approaches 5': from both sides:
Equations (20) imply that the convex set described in (19) only contains one negative element. Thus, on the discontinuity surface S: :
Similar proof can be derived for the derivative of the Yon S i and S:-details are not presented for the sake of brevity. We can, thus, conclude that c' is negative semidefinite in both contact and noncontact regions of motion as well as on the discontinuity surfaces. Therefore, according to the extended LaSalle's invariance principle to nonsmooth systems, every solution trajectory in 0 globally converges to the largest invariant set, M, as f -+ m . Next, we prove that the largest invariant set, M, contains only the points that belong to the set e, = (O,O,e,,, , Oy with e3$.? defined in (1 I). This can be proven by contradiction. Let R be the set of all points within the solution region R where i = 0 . With respect to (17), 3 = 0 requires that for all the points in R, e, = 0 and e4 = O . Thus, both e, and e, are zero. Let M be the largest invariant set in R and contain a point where either e, # 0 and/or e, is not equal to the value shown in (1 I). According, to equations (9b) and (9d), this will result in either e, # 0 and/or e, # 0 which necessitates the solution trajectory to immediately move out of the set R and certainly set M. But, this conclusion contradicts with the initial assumption that M is the largest invariant set in R.
Thus, e, can only be equal to zero and e, can only be equal to the value shown in (1 1). This discussion concludes that every solution trajectory in R will converge to the largest invariant set M containing only the equilibria. The control scheme is, thus, capable of asymptotic position regulation with no steady-state emor despite friction effects.
Experimental Verification
Experiments were conducted on an electrohydraulic actuator following a desired position. The goal is to verify the theoretical conclusion drawn in Section 3 and show that the proposed control scheme in this paper can effectively counteract frictional effects and achieve the desire position asymptotically. The fust set of experiments 'was performed with control gains chosen as Kp/K, 2 C I A . Realistically, the exact values of C and A may not be available. Therefore, the second set of experiments was conducted to observe the performance of the control scheme if the control gain ratio is almost twice C I A . It is shown that the controller proposed in this paper is still capable to regulate the desire position asymptotically. Figure 2 shows the schematic of the hydraulic test rig. The hydraulic circuit consists of an actuator controlled by a Moog D765 high-performance servovalve, mounted on a reinforced steel 
I Test Rig
Results
In all experiments, the actuator accelerated from the rest to the desired position xhr = 8 in under controller (7). The first set of experiments was performed using the ratio of the control gains K,/K, z C/A which is the limit of stability region for the control system (see Section 5). The hydraulic compliance of the test rig was over-estimated as C=7.14x10s in'lpsi. Knowing A=0.98 in', the control gains were chosen to be K,=O.l V / p s i @ i n and K+,=8X106 Y /psi"' which do not saturate the actuator at the extreme measurable limits of motion with the supply pressure equal to P,=2000psi. system trajectoty to the desired position with no steady state error and verifies the friction compensation capability of the proposed controller in a hydraulic actuator. Note that the position steady state error in Fig. 3 is observed to be 0.0014 in which is within the resolution of measurements and cannot be detected by the controller. Knowing the experimentally derived value of the maximum static friction, Fr314.72 lb, Fig. 3 also confrms that the steadystate supply pressure is within the range denoted in (1 I).
In order to observe the performance of the control scheme when the control gain ratio is greater than CIA , the second set of experiments with the same position regulation task was setup with K, / K x z 2 C / A . Increasing the gain ratio was done by either increasing Kp or decreasing K, . Figure 4 illustrates the system response in the first case. It is shown that the proposed control system convergences to the desired position with no steady state error. Comparing this response (solid line) with the response of the system with K , / K , z C/A (dashed line) reveals that decreasing K, results in a slower response with larger rise time. The gain ratio can also be doubled by doubling Kp and keeping K, unchanged. Figure 5 shows the system response. It illustrates that although increasing K, dampens the system response (the position response of the system with K , / K , z C/A is shown by dotted line), the response is still asymptotically converging to the desired position without steady state error.
8.1,
Conclusions
Extension of Lyapunov direct method to nonsmooth systems was employed to design a friction compensating position controller for hydraulic actuators. The control scheme is capable of asymptotic position regulation with no steady-state error in spite of friction effects. Although no knowledge of the friction model, servovalve dynamics, or hydraulic parameters is required for control action, stability and effectiveness of the control scheme in the presence of all these parameters is verified both analytically and experimentally. Due to the discontinuity of the control law and the friction model, the existence, continuation and uniqueness of the solution were, first, proven using Filippov solution theories. The extension of LaSalle's invariance principle to nonsmooth systems was then employed to prove that all the solution trajectories converge to the equilibria. Experiments conducted on a test bed verified the effectiveness of the proposed controller in position regulation in the presence of actuator friction.
